We discuss numerous mechanisms for production of sterile neutrinos, which can account for all or a fraction of dark matter, and which can range from warm to effectively cold dark matter, depending on the cosmological scenario. We investigate production by Higgs boson decay, (B − L) gauge boson production at high temperature, as well as production via resonant and nonresonant neutrino oscillations. We calculate the effects on structure formation in these models, some for the first time. If two populations of sterile neutrinos, one warm and one cold, were produced by different mechanisms, or if sterile neutrinos account for only a fraction of dark matter, while the remainder is some other cold dark matter particle, the resulting multi-component dark matter may alleviate some problems in galaxy formation. We examine the X-ray constraints and the candidate signal at 3.5 keV. Finally, we also show that the σ8 problem can be a signature of fractional dark matter in the form of sterile neutrinos in several mechanisms.
I. INTRODUCTION
Sterile or right-handed neutrinos are introduced for the purpose of explaining the observed masses of active neutrinos. Since the observed neutrino masses depend only on the ratio of the unknown Yukawa coupling to the mass of the right-handed neutrino, the right-handed neutrino Majorana mass has an enormous range of allowed values, from eV to the Plank scale. Naturalness arguments can be made in favor of both large and small Majorana neutrino masses [1] . In the large mass limit, the right-handed neutrinos have no effect on the low-energy effective theory (although they could play an important role in cosmology by generating the matter-antimatter asymmetry of the universe). However, if one of the Majorana masses is of the order of 1-10 keV, the corresponding particle can be dark matter [2, 3] and can affect the supernova explosions in ways consistent with observations [4, 5] . This dark matter candidate arises from a very minimal extension of the Standard Model by one light sterile neutrino. A model with three sterile neutrinos below the electroweak scale dubbed νMSM [6, 7] has been widely discussed in connection with dark matter and leptogenesis.
The dark matter population of sterile neutrinos could be produced by the oscillations of active neutrinos into sterile or by some other mechanism. If the neutrino oscillations are responsible for the entire population of relic sterile neutrinos, the dark matter particles are produced at temperatures below a GeV, and they constitute warm dark matter (WDM). Furthermore, since the same mixing parameter controls the production and the decay of sterile neutrinos in this case, the X-ray signatures expected from dark matter are uniquely determined by the particle mass and the mixing [3, 8] .
Alternatively, a population of dark mater in the form of sterile neutrinos can be produced by another mechanism. If the mixing parameters are small and neutrino oscillations are not efficient enough to generate the full dark matter abundance, some or most of dark matter can be made up of the sterile neutrinos with some very different free-streaming properties. The change in the number of degrees of freedom due to the QCD transition results in dilution and redshifting of any out-of-equilibrium population produced at temperatures higher than a GeV. So, if sterile neutrinos are produced at a higher temperature, they constitute a much colder form of dark matter. Furthermore, the expected X-ray signatures can be suppressed by the small mixing angle, while the abundance of sterile neutrinos can still be large enough to account for all dark matter. We will consider several such high-scale scenarios and identify their predictions for the dark matter properties. We also calculate, for the first time, the linear transfer functions for several production mechanisms-Higgs decay and two types of GUT-scale production-to assess their effects on cosmological structure formation, as they cross the regime from cold to warm dark matter.
II. THE KEV MIRACLE MODEL: HIGGS DECAY
The natural abundance of sterile neutrinos produced in singlet Higgs boson decays is an appealing feature of a freeze-in production scenario at the electroweak scale [1, [9] [10] [11] . If the Majorana mass arises from the Higgs mechanism, the corresponding Higgs boson must be a singlet with respect to the standard model gauge group. Assuming that the singlet Higgs S has mass and VEV of the order of the electroweak scale, S ∼ m S ∼ arXiv:1907.11696v2 [hep-ph] 1 Aug 2019 10 2 GeV, and as long as the dark-matter sterile neutrino mass is in the 1-10 keV range (which is necessary for dark matter) the dark matter abundance comes out to be correct.
Let us recap the essential elements of this model [9, 10] . We consider the following Lagrangian:
where L 0 includes the gauge and kinetic terms of the Standard Model, H is the Higgs doublet, S is the real boson which is SU(2)-singlet, L α (α = e, µ, τ ) are the lepton doublets, and N a (a = 1, ..., n) are the additional singlet neutrinos.
The most general renormalizable scalar potential consistent with the symmetries has the form:
and the singlet fermions acquire the Majorana masses m a = f a v 1 . In this model, the only source of the Majorana masses is the Higgs mechanism (via a gauge singlet Higgs boson), while the tree level Majorana mass can be forbidden by a discrete symmetry. The dark matter particle is N 1 , and the Yukawa coupling is chosen so that
One can easily check that, for the Yukawa coupling as small as f 1 ∼ 10 −8 , the N 1 particles do not come to equilibrium at any temperature. The mixing terms in the scalar potential can guarantee that the S particles are in thermal equilibrium at temperatures above m S .
The presence of the SN N term has an important consequence: in addition to generating the Majorana masses, this term opens a new production channel for N 1 particles via decays S → N N , while the S particles in equilibrium. At later times the sterile neutrinos remain out of equilibrium, while their density and their momenta get red-shifted by the expansion of the universe making dark matter "colder." One can estimate the number density n s of sterile neutrinos by multiplying the S number density (which is ∼ T 3 for T > m S ) by the S → N N decay rate, Γ S = (f 2 /16π)m S and the time available for decay, τ ∼ M 0 /T 2 , at the lowest temperature when the S particles are in equilibrium, T ∼ m S . The result is
where
GeV is the reduced Planck Mass. This approximate result is in good agreement with a more detailed calculation [10, 12] . The mass density is obtained by multiplying n s by the dark matter particle mass, f 1 S :
Once produced, the dark-matter particles remain out of equilibrium. The entropy production at the QCD transition temperature dilutes the density by some factor ξ. Assuming only the degrees of freedom in the Lagrangian of Eq. (1), that is, the Standard Model with the addition of N and S fields, one obtains ξ = g * (T = 100 GeV)/g * (T = 0.1 MeV) ≈ 33. Therefore, the density of dark matter is given by
that is, exactly the observed present value of ρ DM /T 3 γ , which corresponds to Ω DM = 0.2. This coincidence of scales to produce the proper dark matter density is unique among the models for sterile neutrino dark matter production, and it can be compared with the "WIMP miracle" of electroweak-scale dark matter. For this reason we dub this model the keV Miracle Model.
III. PRODUCTION AT THE GRAND UNIFIED THEORY SCALE
The Split Seesaw model [13] produces two large and one small Majorana masses due to a natural separation of scales. The large Majorana masses allow for thermal leptogenesis, while the small, keV mass produces a dark matter candidate. The model can be embedded into an SO(10) Grand Unified Theory, or some other theory containing a gauge U(1) B−L symmetry. Sterile neutrinos couple to the U(1) B−L boson, which opens two scenarios for dark matter production in this model.
A. GUT Scenario 1
If the reheat temperature is high enough to restore the U(1) B−L symmetry, sterile neutrinos reach thermal equilibrium through interactions with U(1) B−L bosons. As the temperature of the universe decreases, the gauge U(1) B−L symmetry must be broken. The corresponding phase transition can be first order, leading to a significant entropy production. In the broken phase, the (B − L) gauge boson is massive, and sterile neutrino is out of equilibrium. Of course, if the density of sterile neutrinos remained equal to their thermal density in the symmetric vacuum, their abundance would be higher than needed for dark matter. However, the entropy released in the phase transition can dilute this density by factor ξ ∼ O(10 2 ) to the value consistent with the observations. There is a broad range of parameters for which this can be realized [13] . At the same time, the momenta of the dark matter particles are red-shifted by the factor ξ 1/3 , similar to the keV Miracle Model described above.
B. GUT Scenario 2
An alternative production scenario assumes that the the reheat temperature, T R is below the U(1) B−L symmetry breaking temperature. In this case, the density of the sterile neutrinos never reaches the thermal density. To get the correct dark matter abundance, one must choose the reheat temperature, but the value required is quite reasonable, T R ∼ 5×10
13 GeV [13] . In this case, the distribution of sterile neutrinos at the time of production is closer to the thermal distribution with the temperature T R as compared to the Scenario 1 described above. The low-energy transfer function is affected by the entropy production just as in the keV Miracle Model, and the resulting average momentum is close to that of the Miracle Model.
If there are particle thresholds between the Weak scale and the GUT scale, the resulting change in the number of degrees of freedom can lead to entropy production and further cooling of dark matter in Scenarios 1 and 2.
IV. NONRESONANT AND RESONANT OSCILLATION PRODUCTION
The first mechanism proposed for production of sterile neutrino dark matter was that of a standard baryon number B and lepton number L symmetric, B − L = 0, thermal history where production proceeds through neutrino oscillations. The effects of the relaxation of suppression of active-sterile mixing due to the lowering of the neutrinos' thermal potential allows for production through the Dodelson-Widrow mechanism, where collisions produce sterile neutrinos from intervening activesterile oscillations [2] . The production is predominantly at temperatures of T ∼ 133 MeV(m s /keV) 1/3 , and the proper cosmological dark matter density is achieved by matching the mixing angle, described by the mass-mixing production relation m s = 3.4 keV sin 2 2θ
for a standard quark-hadron cross-over transition, and production of a fraction of critical density of Ω s [14] . Note, of course, that Ω s can be less than Ω DM , allowing for a fraction of dark matter to be sterile neutrinos.
The average momentum to temperature of this model is typically p/T ≈ 2.8. This model has been ruled out as being responsible for all of the cosmological dark matter through a combination of Local Group galaxy counts and X-ray flux limits, with the latter due to the radiative decay of sterile neutrinos of the proper mass and mixing to be the all of the dark matter [15] . We discuss this mechanism as a potential source of a partial fraction of the full dark matter density, with the rest of the dark matter due to another sterile neutrino production mechanism, or a less related dark matter particle. The partial fraction of dark matter as sterile neutrinos allows for a few interesting phenomena: first, all other production models will have a minimal level of production based on oscillation production given by Eq. (8); second, a fraction of ∼15% of dark matter to be produced by the DodelsonWidrow mechanism can by responsible for the 3.55 keV X-ray line detected in several observations [16, 17] , and with the remainder of the dark matter being cold, this model can escape structure formation bounds [18, 19] ; and third, a fraction of sterile neutrinos as dark matter in the Dodelson-Widrow mechanism can be responsible for alleviating the σ 8 problem, as discussed in Section VI. Work by Shi & Fuller [20] pointed out that a nonzero lepton number universe (B − L = 0) creates a matter potential that can produce a Mikheev-Smirnov-Wolfenstein (MSW) resonance, enhance production for smaller mixing angles, and provide a cooler average p/T than nonresonant production. The range of production of the ShiFuller mechanism has been has been calculated in greater detail by Venumadhav et al. [21] . It has been shown that the Shi-Fuller mechanism can be responsible for the 3.55 keV line, and potentially alleviate issues with structure in the Local Group of galaxies [22] . However, there remains tension between Local Group satellite counts and X-ray limits for this model [23] . We will discuss fractional production of this model in §VI.
V. COSMOLOGICAL STRUCTURE FORMATION

A. The keV Miracle Model: Higgs Decay
In this model, the Higgs singlet S particles are in thermal equilibrium, and provide an energy distribution to the sterile neutrinos N 1 that is non-thermal, and cooled due to the disappearance of decrees of freedom between production and the onset of structure formation. In this case, the momentum-energy distribution, f , of the sterile neutrinos is [10] f
where x ≡ p/T , and the normalization is given by the cosmological dark matter density. To first order, the effects on structure formation can be ascertained by the average momentum relative to temperature of the plasma. For this case, the distribution goes from a distribution immediately after production of p /T | 100 GeV ≈ 2.45 to a cooler distribution after disappearance of degrees of freedom in the plasma including the Standard Model particles and those in the model, so that p /T | 1 MeV ≈ 0.76 (while a thermal distribution has p /T ≈ 3.15. The distribution function is plotted in Fig. 1 . In order to quantify more precisely the effects of this model on structure formation, we modify the cosmological Boltzmann code CAMB [24] that includes a modified sterile neutrino energy distribution function [14] . For sterile neutrino particle masses of m s = 1, 3, 7, and 14 keV we include the production momentum distributions in the full Boltzmann transport as calculated by CAMB. The linear clustering of the matter power spectrum relative to pure cold dark matter is parametrized by the sterile neutrino transfer function
where P sterile (k) and P CDM (k) are the linear matter power spectra for the pure sterile neutrino dark matter model and CDM, respectively. The transfer functions are shown in Fig. 2 . Due to the "cool" nature of the miracle distributions, the cutoff scales for structure growth in this model are smaller than oscillation based production in standard cosmologies (the Dodelson-Widrow model 1 10 100 [2]), with transfer functions best fit by equivalent thermal WDM masses of 0.45, 1.0, 2.0 and 3.3 keV for the m s = 1, 3, 7, and 14 keV cases, respectively. We calculate the thermal WDM particle mass equivalent fit and relation for thermal WDM transfer functions as Eq. (A8) in Ref. [25] . One could also fit to the more generalized "non-cold" transfer functions in Refs [26, 27] . Particularly significant in our results is that the 7 keV mass scale maps onto a ∼2 keV thermal WDM particle mass for this production scenario, potentially explaining the 3.5 keV candidate line and WDM solutions to structure formation [22, 28] . The Lyman-alpha forest places constraints on thermal particle mass between m WDM > 2.2 keV and m WDM > 3.6 keV (2σ), depending on the freedom allowed in the thermal history of the intergalactic medium [27, 29, 30] . Galaxy counts may be a more robust measure of effects of WDM on small scale structure: current limits are at the m WDM 2 keV scale and such limits may become much more stringent, or bear evidence for reduced small-scale structure, as the Sloan Digital Sky Survey, the Dark Energy Survey and, in the future, the Large Synoptic Survey Telescope, increase the reach of discovery of Local Group dwarf galaxies [23] .
B. Production in the GUT Scale Scenario 1
First order phase transition breaking U (1) B−L at a high scale injects a higher amount of entropy in order to produce the required amount of dark matter, in the GUT scale scenario 1 described above. This means the mo- menta of the dark-matter sterile neutrinos are red-shifted by an additional factor, of T f /T t = 5. This amount is in addition to the QCD-era dilution. So, the free-streaming length is ∼5 times shorter than in the case of scalar Higgs decay in the previous section. The dilution at the highenergy scale causes a redshifting by factor ∼5 in the momentum distribution of the sterile neutrino dark matter. Due to the even colder nature of the GUT-scale sterile neutrino dark matter production, the cutoff scales for structure growth in this model are smaller than the scalar decay model. The transfer functions for the GUT-scale production are best fit by equivalent thermal WDM masses of 1.1, 2.6, 4.9, 8.4 keV for the m s = 1, 3, 7, and 14 keV cases, respectively, using the same methods as for the Higgs decay sterile neutrinos.
VI. FRACTION OF DARK MATTER AS STERILE NEUTRINOS: MULTICOMPONENT DARK MATTER, X-RAY LINES AND THE σ 8 PROBLEM
In oscillation production scenarios of nonresonant and resonant production, where the full dark matter fraction is in sterile neutrinos, the mixing angle is uniquely specified for a given mass (and a given lepton number, in the case of resonant production). However, if the fraction of dark matter as sterile neutrinos, f ≡ Ω s /Ω DM is reduced from unity, observability via X-ray astronomy and effects on structure formation get more varied. In the case of nonresonant production, reducing f proceeds from reducing the mixing angle at a given mass. In the case of resonant production, f is reduced either by reducing the lepton number driving the resonance, or by decreasing the mixing angle (in most regions of parameter space). In the case of scalar Higgs production, producing a fraction of dark matter breaks the miracle values of the production mechanism described above, but a small deviation preserves the "miracle." The GUT production scenarios are amenable to parameter variation to provide the full dark matter as sterile neutrinos to an arbitrary fractional dark matter case. The remainder of dark matter could be any cold component for the case of a cold plus warm dark matter (CWDM). Such a scenario may alleviate issues in galaxy formation by lowering the densities of substructure at the Local Group of galaxies scale [31] . Significantly, a single sterile neutrino could act as both the cold and warm component, with the cold component produced via Higgs decay or GUT-scale production, and the warm component via nonresonant or resonant oscillations.
A. X-ray Lines
It has been known for some time that sterile neutrino dark matter has the possibility of being observed as Xray lines toward dark matter structures by astronomical X-ray observatories [3, 8] . The observation of an unidentified X-ray line does not necessarily imply that sterile neutrinos make up all of the dark matter. In the case of nonresonant Dodelson-Widrow production, the energy of a line and its flux uniquely specifies the fraction of dark matter in sterile neutrinos to produce the line. In the case of the 3.55 keV line seen toward stacked clusters [16] , the particle mass and mixing angle required to produce the line energy and flux specifies a dark matter density that is ∼ 13% of the full dark matter density, via the production relation, Eq. 7 in Ref. [14] .
In the case of resonant production, the lepton number can be reduced, decreasing resonant production so that the mixing angle required is larger to give the correct density, but also reducing the fraction of dark matter in sterile neutrinos. This produces a range of mixing angles from sin 2 2θ ≈ 7 × 10 −11 to sin 2 2θ ≈ 5 × 10 −10 , while the lepton number ranges from 7 × 10 −5 to zero, as the mixing angle goes from the 100% resonant production at the smallest mixing angles to that of the zero lepton number (Dodelson-Widrow) case at sin 2 2θ ≈ 5 × 10 −10 . If we consider a low-reheating temperature universe scenario [32] , scattering production is reduced and the mixing angle could even be larger, up to sin 2 2θ ≈ 10 −7 so that the observed 3.55 keV line can be explained with a fraction f ≈ 7 × 10 −4 [19] . As mentioned earlier, in the case of fractional scalar Higgs production, this breaks the miracle values of the production mechanism, but only up a factor of ∼7 as the production approaches from the smallest mixing angles required for the line at 100% fractional dark matter to the Dodelson-Widrow case of the observed line. The GUT production scenarios allow for a greater flexibility in the mixing angle. In matching a line of a given energy and flux, the mixing angle would also go from the full dark matter case to the limit of pure Dodelson-Widrow production as the mixing angle is maximized.
Two important observations can be made with respect to X-ray signals from sterile neutrinos that contribute fraction f < 1 of total dark matter. First, the mixing angle must be a factor of 1/f larger, which for the case of the 3.55 keV line, is a factor ∼7 larger than for the case of f = 1. This means the mixing angle can be as large as sin 2 2θ ≈ 5 × 10 −10 in the case of the MOS detection [16] . Second, a fractional sterile neutrino dark matter scenario is not subject to the same small-scale structure constraints. If f < 1, and the rest of dark matter is cold, the constraints derived for pure WDM can be alleviated since the small scale structure clustering is preserved by the predominance of cold dark matter [28, [33] [34] [35] .
B. The σ 8 Problem
There has persisted for some time a tension between the cosmic microwave background (CMB) inferences and local Universe measures of the amplitude of the matter power spectrum at ∼ 8 Mpc/h, dubbed σ 8 [36] [37] [38] [39] [40] . The constraints are often degenerate with the density of matter, parameterized in combination with contribution to the critical density Ω m , as
x for some power x. Joint fits between the early and late Universe require the value of Ω m to be identical given a unified model, but a modification of the power spectrum amplitude between large and small scales in order to reconcile S 8 (or, equivalently, σ 8 ).
We point out here that the fractional production of sterile neutrino dark matter, via any of the above mechanisms, could reduce the amplitude of the power spectrum at the appropriate scale larger than or near 8 Mpc/h, reducing σ 8 without altering large scales constrained by the CMB. The suppression of the power spectrum by a fraction of dark matter as WDM, while the remainder is cold dark matter (CDM), in a cold-plus-warm dark matter model (CWDM) was calculated in Ref. [35] . They found it to be a plateau of
and Ω m = Ω CDM + Ω WDM + Ω baryon (and different from f defined above). The WDM free streaming scale in wavenumber is k FS . We verified the relation Eq. (11) with a modified version of CAMB [24] .
In order to match the amplitude and shape of the matter power spectrum inferred from the CMB, measured at larger scales, the value of σ 8 should be reduced by 5% to 15%, depending on the combination of data sets at smaller scales. This requires two conditions: a fraction of dark matter as WDM of approximately f WDM ≈ 0.4% to 1%, and a free streaming length of the dark matter larger than, or of order, 8 Mpc/h but below scales affecting the primary CMB, which corresponds to an effective thermal WDM particle mass of 0.04 keV m thermal 0.06 keV. This is a relatively narrow prediction range for a new dark matter particle.
Since the particle production method only affects the shape of the transfer function hear λ FS (or k FS ), and the plateau of suppression is simply the recovery of the CDM-dominated matter power spectrum, the mechanism that produces 0.4% to 1% of the dark matter as WDM is not highly important in resolving the σ 8 problem. However, as an example, the Dodelson-Widrow mechanism would predict a sterile neutrino particle mass of 0.06 keV to 0.1 keV, and a mixing angle of approximately sin 2 2θ ≈ 8 × 10 −8 to 2 × 10 −7 [3, 14] , which could be within the sensitivity of the tritium beta-decay experiment KATRIN [41] . For the resonant Shi-Fuller mechanism, the mixing angles of sin 2 2θ ∼ 10 −12 to ∼ 10
would produce the proper density of dark matter at sterile neutrino particle mass of 0.06 keV to 0.1 keV (cf. Fig.  2 in Ref. [3] ). For production via singlet Higgs decay or GUT high-temperature production, the mixing angle is bounded from above by the Dodelson-Widrow values, since production by oscillations is required, yet the mixing angle(s) could be smaller.
VII. CONCLUSIONS
In this paper, we have analyzed the nature of the wide range of sterile neutrino dark matter production scenarios. The production mechanism specifies a range of structure formation signatures and their relation with other properties of the sterile neutrinos. In addition, the possibility that a fraction f < 1 of dark matter is in sterile neutrinos opens up a larger range of possibilities. In this case, the structure formation can have the features of a broader cold plus warm dark matter models, and there is a mechanism to alleviate the so-called σ 8 problem.
Let us summarize our most significant conclusions: First, a varied set of mechanisms exist that produce dark matter. The Higgs scalar decay model produces a "miracle" density for the standard choice of parameters, while other models require a tuning of a parameter to match the observed or fractionally inferred dark matter abundance. Second, the production models yield a wide range of WDM cutoff scales that range from exceedingly large to those beyond current constraints on WDM. Third, constraints on the free-streaming scale in models that produce the 3.55 keV line could indicate a high-temperature GUT scale scenario, where the free streaming scale is equivalent to a 4.9 keV thermal WDM particle, at or beyond the limit of the strongest claimed structure formation constraints such as the highresolution Lyman-α forest [42] . Fourth, free streaming scale constraints could indicate that only a fraction of the dark matter may be warm sterile neutrino dark matter, with CDM, or another strongly clustering variant, being the dominant structure formation mechanism, alleviating structure formation constraints. Fifth, an X-ray line does not require any production mechanism to be responsible for all of the observed dark matter, and fractions of as little as ∼ 10 −3 to ∼13% could explain the 3.5 keV line. And, last but not least, the case of fractional production could do so with small particle masses with free streaming lengths at appropriately large scales with abundances that match the reduction of power at small scales so as to resolve the σ 8 problem.
Overall, the possibility of a sterile neutrino related to the mass generation mechanism for the active neutrinos remains an intriguing candidate for dark matter. The connection of sterile neutrino dark matter's detectability in X-ray astronomy to cosmological and galactic structure formation as well as nuclear physics searches for their admixture highlights the interest in this particle candidate. Sterile neutrino dark matter continues to have multiple methods available to directly and indirectly infer its existence and to tie it to the high energy mechanism which provides the sterile neutrino and its production in the early universe.
